Abstract. Each year almost a million fish are aged from otoliths, primarily to estimate proportions at age for use in stock assessments. The preparation and reading of otoliths is time-consuming and thus expensive. Two techniques have been proposed to reduce costs. The first is length-mediated estimation, in which the length distribution from a large sample of fish is converted to an age distribution, using information (usually in the form of an age-length key) from a smaller sample containing length and age data. The second is to infer age from otolith weight (and/or other otolith measurements). These two cost-saving ideas are combined in a new method, length-mediated mixture analysis. It requires three samples -one with lengths only, one with lengths and otolith measurements, and one with lengths, otolith measurements and ages -and estimation is by maximum likelihood. The use of this method, which can be thought of as a generalisation of three established methods of age inference, is illustrated in two simulation experiments in a cost-benefit framework.
Introduction
Estimates of proportions at age, in either commercial or research catches, are an important and widely used input to stock assessments for fisheries in many parts of the world. It is primarily to obtain these estimates that almost a million fish are aged each year using otoliths (Campana and Thorrold 2001) . The estimates are generated in one of two ways. The simplest is the direct method, in which a random sample of fish is aged, and the proportions at age in the sample are taken as estimates of those in the population being sampled. This is an expensive method because many otoliths are required to achieve acceptable precision and the collection, preparation and reading of otoliths is costly.
An alternative, and less costly, method is what we call length-mediated estimation. This requires measurements of fish length in a large sample, and ages and lengths from a small sample. The length distribution from the large sample is then converted to an age distribution using information from the small sample. Several length-mediated methods have been proposed. The first, and most popular, uses an age-length key (a matrix containing estimated proportions at age for each length class) constructed from the small sample to make the conversion from length distribution to age distribution (Fridriksson 1934) . We call this the ALK (age-length key) method. It requires that the length distribution of the large sample be representative of the catch (which is achieved either by taking a simple random (SR) sample from the whole catch, or the weighted sum of simple random samples from various components of the catch). The requirement for the small sample is less stringent. Here, all that is necessary is that all fish of the same length should have the same probability of being selected. This requirement is, of course, met by SR sampling. However, it is more common to stratify the small sample by length, which we call lengthstratified (LS) sampling. Ketchen (1950) proposed doing this by taking the same number of fish from each length class (or, for the extreme length classes where this number of fish is not available, as many as possible). This approach seems to be widely used, though some studies have attempted more optimal length-stratified designs (e.g. Baird 1983; Lai 1987 Lai , 1993 Horppila and Peltonen 1992; Oeberst 2000) .
Other length-mediated methods of estimation have been proposed. Smith and Sedransk (1982) described a Bayesian method, which is equivalent to the ALK method if uninformative prior distributions are assumed. This requires no additional assumptions except for a specific form for the prior distributions (Dirichlet). Martin and Cook (1990) proposed a maximum-likelihood method based on the assumption that length is normally distributed for each age. There is also an extensive literature on length-mediated estimation when there are no age data (e.g. see MacDonald and Green 1988; Fournier et al. 1990 , and references therein).
Another approach to reducing costs in otolith-based age estimation was suggested by Boehlert (1985) , who proposed estimating age from otolith measurements using multiple regression. The costs associated with measuring an otolith are much less than those for obtaining annulus counts (which often involve a substantial otolith preparation cost) and some otolith measurements (particularly weight) are highly correlated with fish age in many species (e.g. Boehlert 1985; Radtke and Hourigan 1990; Fletcher 1991; Anderson et al. 1992; Ferreira and Russ 1994; Worthington et al. 1995; Cardinale et al. 2000; Labropoulou and Papaconstantinou 2000; Luckhurst et al. 2000) . Two samples are used: a small calibration sample, for which annulus counts and otolith measurements are recorded; and a large production sample, for which only otolith measurements are recorded. The calibration sample is used to calculate the regression relationship, and then this is applied to assign an age to each fish in the production sample. Subsequent work in this area has shown not only that weight is the most promising of otolith measurements for age inference, but that there are several alternatives to Boehlert's method of inference (see review by Francis and Campana 2004) .
In the present study, we describe and investigate a new method of combining these two cost-saving ideas. We will call this length-mediated mixture analysis (LMMA). Its aim is to estimate proportions at age using three types of data: fish lengths, otolith annulus counts and otolith measurements (e.g. weight). Like the ALK method, it is length-mediated and involves measuring the lengths of many fish, but taking otoliths from relatively few. As with the method of Boehlert (1985) , it requires measuring all otoliths, but counting annuli in only some of them. However, it differs from these methods in not using an age-length key (or anything similar), not assigning ages to any individual fish (other than those with annulus counts) and in requiring more statistical assumptions. The new method uses three samples: one with lengths only, one with lengths and otolith measurements and one with lengths, otolith measurements and annulus counts. 
The sample types are simple random (SR) and length-stratified (LS). A, age; L, fish length; O, a vector of one or more otolith measurements; X, the vector (L, O) combining length and otolith measurements. Data types in parentheses are optional for that sample.
We describe LMMA, show that it is a generalisation of several established methods of age inference, and then illustrate its use with two simulation experiments based on data from known-age Faroese cod. These experiments show that, for this species, the use of otolith weight in estimating proportions at age is cost effective, but provides a much greater cost saving with direct estimation than it does with length-mediated estimation.
The length-mediated mixture-analysis (LMMA) method As mentioned above, the aim of the method is to estimate proportions at age, p A , in some population, and it uses three samples whose characteristics are described in Table 1 . The LOA sample contains lengths, otolith measurements and ages; the LO sample contains lengths and otolith measurements and the L sample contains just lengths. The last sample must be SR; the other two samples may be either SR or LS. Some data types (and some samples) are optional (see next section). We need to make some assumptions about the distribution, for a given age A, of the vector X (containing length and otolith measurement(s)). The simplest assumption, which we will use in our simulation experiment below, is that this distribution is multivariate normal. More generally, we assume that for any given age, A, the distribution of X is described by the (known) density function g(X; θ A ) for some unknown vector of parameters, θ A . In other words, the distribution of X is a finite mixture with mixture proportions p A . When g is multivariate normal, θ A = (M A , V A ), where M A is the vector of mean length and mean otolith measurements at age A, V A is the associated covariance matrix, and
With these assumptions we can write the log-likelihood for each sample as
where h(L; θ A ) is the marginal distribution of L and
Estimation is by maximum likelihood. That is, our estimates of the parameters {p A , θ A } are those that maximise the total log-likelihood λ, given by λ = λ LOA + λ LO + λ L . Note that our interest is just in the proportions at age, p A , but we need also to estimate the other parameters, θ A . The above equations, and the simulation experiment below, assume, for simplicity, that the LOA, LO and L samples are quite separate. In practice it would often be convenient to nest these samples. Otoliths would be collected and measured from a subsample of the L sample. Some of these otoliths would then be aged (the LOA sample) and some would not be (the LO sample). To modify the likelihoods for nested samples with SR sampling is straightforward. All that is needed is to restrict the summation in Eqn (4) to those fish in the L sample that are not also in the LO or LOA samples. Modification for nested LS samples is more complicated and would be worthwhile only in the unusual situation in which the distribution of fish lengths within each length stratum contains information about the model parameters.
Relationship to other methods of inferring age
There are three published methods of inferring age that may be seen as special cases of LMMA. We create special cases by imposing additional assumptions or restrictions. One way to do this is to drop one, or even two, of our three samples. We can do this without violating any statistical principles; all that happens is that the corresponding term drops out of the log-likelihood. Another possible restriction is to drop either the otolith measurements or the fish lengths from the LOA and LO samples. That is, we set
The method of Martin and Cook (1990) is essentially the same as LMMA if we make the following restrictions: omit the otolith data (i.e. set X = L); drop the LO sample; assume the LOA sample is LS; and assume that our density g is normal. The only remaining difference is that Martin and Cook (1990) assumed that their length observations were binned into length classes, which gives a different form to their loglikelihood. This difference is of no practical significance (as long as we can assume that the binning is not so coarse as to allow only a few length bins per age class -such coarse binning would be unlikely to occur in practice because it would restrict our ability to estimate proportions at age).
It is the L sample that makes our method length-mediated. If we drop this we move into the realm of direct methods of estimating proportions at age. If we also treat the length measurements in these samples as optional, then LMMA becomes the same as the mixture-analysis method of Francis and Campana (2004) (what they named the calibration and production samples are our LOA and LO samples, respectively).
Dropping both the LOA and LO samples and assuming normality produces the modal-analysis method similar to that implemented in the computer programme MIX (MacDonald and Green 1988).
Two simulation experiments
We illustrate the LMMA method with two simulation experiments based on a set of known-age Faroese cod data (Cardinale et al. 2004) . Our aim in these experiments is to answer the following question for this cod stock: 'Is it worthwhile to use otolith weight when estimating proportions at age?'. A graphical examination of the data suggests that the answer may be 'Yes' because, for example, there is much less overlap between fish of ages 3 and 4 in the bivariate plot than in the length distributions ( Fig. 1) . A sensible way of addressing this question is via a cost-benefit analysis (Francis and Campana 2004) . Given a fixed sampling cost, we want to know whether we get more accurate estimates of proportions at age when we include otolith weights than when we exclude them. We did two experiments: one for length-mediated estimation, using LMMA; and the other for direct estimation, using the original mixture-analysis (MA) method of Francis and Campana (2004) . We will see that these experiments produce quite different results.
Each experiment consisted of a series of scenarios, each of which was defined by: (i) the true proportions at age, p A ; (ii) the sample sizes, N LOA , N LO , N L ; (iii) what sampling method (SR or LS) was used in the LOA and LO samples; (iv) what measurements were used in the LOA and LO samples (length only, length and otolith weight or otolith weight only); and (v) which estimation method was used. For each scenario, 500 datasets were simulated, and estimates of the p A were obtained for each dataset. Our performance measure for each scenario was based on the root-mean-square error (rmse). For a single age, A, the rmse associated with p A is given by rmse A = (1/500) l (p Al − p A0 ) 2 0.5 where p A0 is the true proportion at age A andp Al is an estimate of it from the lth dataset. Our performance measure was the 'total' rmse across ages, denoted as rmsetot (in analogy to the similar performance measure Vartot used by Kimura 1977) and defined as A rmse 2 A 0.5 . The smaller rmsetot is, the more accurately we have estimated the proportions at age. An approximate 95% confidence interval was calculated for rmsetot by bootstrap resampling of thep Al . When comparing two scenarios, we will say that the estimation of proportions at age is better in the second than in the first if rmsetot 2 < rmsetot 1 and will define the percentage gain in efficiency of estimation in the second, compared R. I. C. C. Francis et al. Fig. 1. The data from known-age Faroese cod that were used in the simulation experiments. In the right-hand panel, each point represents one fish (the plotting symbol identifies its age) and the ellipses are approximate 95% confidence regions (calculated by fitting bivariate normal distributions to the data for each age). to the first, as 100(rmsetot 2 1 − rmsetot 2 2 )/rmsetot 2 2 (this formula is analogous to the common statistical practice of describing relative efficiency as a ratio of variances). A qualitative measure of how confident we can be that estimation is better in one scenario than in another is given by the degree of overlap between the 95% confidence intervals for rmsetot. The less overlap there is, the more confident we can be. To obtain a quantitative measure, we defined rmsetot l = A (p Al − p A0 ) 2 0.5 to be the component of rmsetot associated with the lth simulated dataset and made a pairwise comparison of the rmsetot l for the two scenarios. We counted how many datasets there were for which rmsetot l was smaller for one scenario than for the other and determined significance using a two-sided sign test (Dixon and Massey 1969) .
The 2-year old fish in our sample were not used in the simulations because they are so clearly separated (in both length and otolith weight) from older fish (Fig. 1 ) that they would serve no purpose in our experiment. In all scenarios we arbitrarily assumed that the true proportions at ages 3 to 5 were 0.2, 0.33 and 0.47, respectively.
The following procedure was used to simulate data, with SR sampling, from a catch in which the true age frequency is p A .
(1) Define the weightings w s = p A s /m A s , where A s is the age of the sth fish and m A is the number of fish of age A, in the cod dataset (s = 1, … , 131). (2) Simulate the LOA sample by selecting N LOA fish at random (with replacement) from the dataset, where the probability of picking the sth fish is w s , and recording fish length, otolith weight and age. (3) Simulate the LO sample by selecting N LO fish at random (with replacement) from the dataset, where the For the simulation of LS samples, six broad length classes of equal width were defined and equal numbers of fish were selected in each of these (the length-class boundaries were at 500, 553, 606, 659, 712, 765 and 818 mm).
To be able to calculate and compare the cost of collecting samples of varying sizes containing different measurements we need a detailed breakdown of sampling costs. The costs used in these experiments (Table 2) were based on experience in sampling cod landings in eastern Canada (S.E. Campana, unpublished data). The estimation methods are ALK = age-length key method, MA = mixture-analysis method (Francis and Campana 2004) , LMMA = lengthmediated mixture analysis, Simp = simple estimation from sample proportions; the sampling methods are SR = simple random sampling, LS = length-stratified (these methods were specified for the LOA and LO samples only, the L sample was always SR). * There is no scenario D0.
Experiment using length-mediated estimation
In this experiment, two parallel sets of scenarios were investigated and these two sets differed only in the sampling strategy that was used for the LOA and LO samples (Table 3a) . Scenarios A0-A7 used LS sampling, as is common when the ALK method is used; SR sampling was used in the other set of scenarios (B0-B7). Each set contained two baseline scenarios. The first (scenarios A0 and B0) used the ALK method with 500 fish lengths (N L = 500) and 200 otoliths (N LOA = 200). No otolith weights were used for this scenario and N LO = 0. Exactly the same data were used for the second baseline scenario (A1 and B1), but the data were analysed using LMMA. The remaining scenarios used LMMA and all three samples. N L was fixed at 500, a range of values was chosen for N LOA , and N LO was set so that the sampling cost was (almost) exactly the same for each scenario. We illustrate the cost calculations for these scenarios with two examples. In all scenarios the cost of the L sample is $89.39 ($68.64 We assume in all these scenarios that there are no additional costs for length measurements for the LOA and LO samples because these are subsamples of the L sample.
We can draw three conclusions from the results of this experiment (Fig. 2a) . First, SR sampling is better than LS (because rmsetot is lower for each B scenario than for the corresponding A scenario). This is not surprising when LMMA is used, because with SR sampling the proportions at age in the LOA sample provide direct additional information about the proportions at age in the population. It is not immediately obvious that SR should be better than LS for the ALK method, because this method has no way of using the additional information (the estimation algorithm is the same for SR and LS). However, the present results for the ALK method are consistent with those of Kimura (1977) in suggesting that estimation is more accurate with SR than with LS. Our second conclusion supports the finding of Martin and Cook (1990) that the ALK method is inferior to LMMA when applied to the same data (because rmsetot is lower for A1 than for A0, and lower for B1 than for B0). This result was significant for SR sampling (P = 0.018), but not for LS sampling. Our third conclusion is that there would be a slight advantage in using otolith weight for length-mediated estimation of proportions at age for this stock, particularly if SR sampling is to be used. Use of these data provide a 7% increase in efficiency with LS sampling (comparing A5 with A1, P = 0.02) and a 13% increase with SR sampling (comparing B5 with B1, P = 0.002).
Experiment using direct estimation
In this experiment, N L = 0 for all scenarios (because estimation was direct, rather than length-mediated) and there was just one baseline scenario, labelled C0 (Table 3b) , in which N LOA = 200, N LO = 0, sampling was SR and no fish length or otolith weight data were used. In this scenario, the estimated proportions at age in the population are simply those in the LOA sample. There was no need to simulate data for scenario C0 because we know from multinomial sampling theory that rmsetot is exactly equal to
LOA (Stuart and Ord 1987) , so we can simply calculate rmsetot for any sample size, N LOA , rather than having to estimate it via a simulation experiment. We investigated two parallel sets of scenarios that differed only in whether fish length data were used (they were used in scenarios C1-C6, but not in D1-D6). These scenarios used MA estimation. As in the first experiment we picked a range of values for N LOA and then set N LO so that the sampling cost was (almost) exactly the same for each scenario.
We can draw two conclusions from the results of this experiment (Fig. 2b) . First, when otolith weight data are used it is slightly better not to measure fish lengths (because rmsetot is slightly less for each D scenario than for the corresponding C scenario). Thus the loss of information when fish lengths are not collected is more than compensated for by the gain from the bigger sample sizes that are possible for the same cost. The second conclusion is that there is a clear advantage in using otolith weight for direct estimation of proportions at age for this stock. The MA method using otolith weight (but not fish length) is 27% more efficient than the simple approach using annulus counts alone (comparing D4 with C0). To achieve the same rmsetot value as in scenario D4 with annulus counts alone (i.e. using the simple estimation method) would require N LOA = 253, which would cost 24% more than scenario D4.
We also considered the effect of using LS sampling with direct age estimation. With this type of estimation there is less scope for LS sampling. For example, there would be no point in using LS sampling with the simple method because the data would then contain no information about the proportions at age in the population. The same would be true with the MA method if both the LOA and LO samples were LS. Also, we cannot construct a LS sample without measuring fish length, so we need not consider LS sampling in the absence of fish length data. However, LS sampling could be applied to just one of the two samples when the MA method was used, as long as fish length data were collected. Two additional scenarios, which were the same as C4 except for the sampling strategy, showed that this reduces efficiency (Table 4) . Applying LS sampling to one sample reduces efficiency by about 30% in this case.
Discussion
We have shown how otolith measurements can be used in length-mediated estimation of proportions at age. Under the conditions considered in our first simulation experiment, this use was shown to be cost-effective. However, the increase in efficiency from using otolith weight was relatively small: 7% (for LS sampling) or 13% (for SR sampling). A much greater increase in efficiency (27%) was obtained from otolith weight when estimation was direct, rather than length-mediated.
The second simulation experiment may seem out of place in the present study. Our title refers to length-mediated estimation but this experiment concerns direct estimation. We included both experiments to illustrate a point that became clear to us only part way through this study. Both are intended to address the question 'Is otolith weight useful in estimating proportions at age?'. However, the meaning of this question changes when we change our method of estimation. With direct estimation we are concerned with how well we can estimate the age of a fish from the weight of its otolith. With length-mediated estimation the question is much more complex. We are concerned with correlations between three quantities: otolith weight, fish length and age. The relevant question seems to be 'Can otolith weight help us to refine our knowledge of the relationship between length and age so that our conversion from a length distribution to an age distribution is more accurate?'. Once we see that our two experiments are asking quite different questions it is less surprising that the answers they produce (in terms of the gain in efficiency from using otolith weight) are so different.
It would be quite wrong to generalise from the results of our very limited experiments, which are intended to be illustrative rather than definitive. In other species, with sampling costs different from ours, there may or may not be a gain in efficiency from using otolith weight (or some other otolith measurement), and if there is a gain, it may be smaller or larger than found here. Even with the same species and sampling costs, the gain in efficiency is likely to vary depending on the true proportions at age in the catch, the cost allocated to sampling and how that cost is structured. It is recommended that anyone contemplating using LMMA should carry out simulation experiments similar to those given here, but using data for their own species and appropriate sampling costs and covering a range of different values of proportions at age. We chose to carry out our cost-benefit analysis by comparing the accuracy of different methods using same-cost samples; other researchers may prefer to compare the costs required to achieve a target level of accuracy. In any set of sampling costs (like those in Table 2 ) it is the relative costs of the various parts of the sample that are important, rather than the absolute costs. We note that there is no clear best performance measure for an estimator of a vector of proportions at age. The one we have used, rmsetot, seems reasonable, but others are possible. Rmsetot is based on absolute errors, so, for example, an error of 0.01 in an estimate of p A has the same impact whether the true value of p A is 0.3 or 0.03. A possible alternative measure is (1/500) A,l 
which is based on relative errors (so, e.g. an error of 0.01 when the true p A is 0.3 is equivalent to an error of 0.001 with a true p A of 0.03). This would put more emphasis on the accuracy of estimates of the small proportions, which may be desired.
We have assumed throughout that all samples are taken from the same catch. It is well known that what Clark (1981) colourfully referred to as the promiscuous application of age-length keys (applying an age-length key derived from a sample taken in one year to a length distribution collected in a different year) can produce significant bias in estimated proportions at age (Kimura 1977; Westrheim and Ricker 1978) . The LMMA method would be similarly affected, as would the other length-mediated methods described in the introduction. However, LMMA is easily modified to avoid this bias. Suppose the LOA and LO samples were collected from a year in which the proportions at age were p A , whereas the L sample had proportions p A . All that is required is to modify Eqns (2), (3) and (5) by replacing p A by p A . This increases the set of parameters to be estimated from {p A , θ A } to {p A , p A , θ A }. It remains to be seen how well this modified method performs compared to other length-mediated methods that have been developed to allow for samples from different years (Clark 1981; Bartoo and Parker 1983; Hoenig and Heisey 1987; Kimura and Chikuni 1987) . It should be noted that all these methods require that the distributions of length at age do not vary from year to year (i.e. the parameters θ A do not vary with time).
Two other possible extensions of LMMA are reasonably straightforward. Extension to Bayesian estimation would not be difficult. This requires the user to supply prior distributions for every model parameter. Also, estimation is more complex because what is required is a joint posterior distribution for all parameters, rather than just a single value. However, there are several widely available software packages, such as BUGS (http://www.mrc-bsu.cam.ac.uk/bugs/, verified June 2005) and AD Model Builder (http://otter-rsch.com/admodel.htm, verified June 2005), that facilitate Bayesian estimation. The specification of prior distributions is often difficult. However, it would be simpler if LMMA were to be used year after year with the same fish stock. In this situation it would be sensible to use the posterior distributions for the θ A from one year as the prior distributions in the following year (but of course it would not be sensible to do this for the p A ). A second extension would be to allow for ageing error. This can be simply done as long as we can provide a misclassification matrix M to characterise this error (this can be constructed from replicate age estimates). The element M A,A of this matrix denotes the probability that a fish of true age A is given age A (so the rows of this matrix must sum to one). The only change that is needed is to replace the term p A i g(X i ; θ A i ) in Eqn (2) by A p A M A,A i g(X i ; θ A ). We close by acknowledging a practical problem. It is often not possible to select an SR sample from the entire catch from a fishery. With the ALK method, the common approach is to divide the catch into segments (each of which may be a landing or a catch from an individual tow) and then to collect samples from some or all segments. The large sample is made up of an SR sample from each sampled segment. The length distribution of the large sample is calculated as a weighted sum of these SR samples, where the weights represent the contribution of each segment to the total catch weight. The weights are necessary because it is accepted that the length distribution of the catch varies from segment to segment. However, no weighting is used for the small sample, which is simply the union of otolith samples from each segment. This requires the strong assumption that, for fish of a given length, the expected distribution of ages is the same in all segments. In other words, the selectivity factors that cause the length distribution to vary between segments (e.g. differences in fishing gear or spatio-temporal heterogeneity in the fished population) must depend only on fish length, and not on age. The ALK method is unaffected by this change in sample structure, but this is not true of LMMA or other statistically-based methods (e.g. the methods of Smith and Sedransk 1982; Martin and Cook 1990) . In principle, these methods could be extended by treating the L sample as a (weighted) collection of SR samples and estimating a lengthbased selectivity curve for each. How easy this would be in practice remains to be seen.
